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ABSTRACT

~~~~~~The main result of this paper is a stability theorem for a certain class

of difference algorithms designed to give approximate solutions of a model

inverse scattering problem in one dimension . This stability result guarantees

the convergence of the approximate solutions to the exact solution of the

problem as the grid of the difference scheme is refined. 9.~ prouoa~~ the4.~~
~~ fl~94Si~~ftc %-

results of numerical experiments l ased on one of these schemes, in which second-

order convergence is observed. Furthermore the cost (that is, the dependence

on N of the number of arithmetic operations required to compute the solution

at N grid points) of the algorithms discussed below is essentially optimal .
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SIGNIFICANCE AND EXPLANATION

Many problems of applied mathematics involve the inference of mechanical

proper ties of a medium , parts of which are not accessible to direct observation ,

from measurements of scattering of small-amplitude waves. Such problems

arise in exploration geophysics , physical chemistry , and ultrasound tomography ,

among other areas.

Many of these problems are equivalent in principle to boundary value

problems for certain partial differential equations. Any method of approximate

solution for such boundary value problems must have the attribute of numerical

stability, in order to be useful: that is, the round-off errors present in

all computation must not lead to uncontrolled growth in errors of the computed

quantities.

In this paper, a class of difference algorithms for a simple model

inverse scattering problem is shown to be stable. This result implies that

these algorithms will actually compute approximate solutions to the inverse

scattering problem. In fact, explicit error bounds can, in principle, be

extracted from the results presented here.
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NUMERICAL STABILITY IN AN INvnt~;p

sCATTERIN (; PROBLEM

W. W. Symas

Si. Introctuct ion

The main result of this paper is a sta b i l i ty theorem for a v,’itain c1a~is ot ~1et ~

t eme c a1~~~e ithins designed to qive a proxineatt~ solutions ot a model inverse se -a t  t e ’r i n q

problem en one dim e nsion. This Stability result guarantees the e -onve’igence’ ot the

approximate solutions to the exact solution of the problem as the grid ot t h e ’ difference

scheme is r e f ined .  We present the results  of numerical e x t ’ o !  emonts based on ~ iee ot

these sche mes , in which second-order convergence is observed. F’u r t t wrm o r e  the ost

( that  is , the depe ndence on N of the number of a r i t hme t i c  ope ’rations required to

computo the’ solut ion at N grid points) of t he’ a lg o r i t h m s  discussed iee ’low is o s s e l e —

tiaily optimal.

The algo rithms of this  paper are d if f e rence  approximations to a ce ’ l t a i n  hype rl ’ol i

boundary value problem. In a previous paper ~~~ we showed that  t h i s  hyperbolic

boundary value problem , the sol ution of which leads to a solution ot the abovt’-montioned

inverse scattering problem , is equivalent to a certain Voltorra inte~jrtl equation, and

the latter was solved constructively, with estimates. Roughly the same plan is followed

in this paper. An approximate version of the Volterra equation is first solved , with

estimates. This discrete Volterra equation is then shown to be almost equivalent to a

certain difference approximation to the hyperbolic boundary value’ problem. The relation

is close enough that stability estimates for a class of diffe rence approximations

follow.

It is interesting that the usual approaches to proving stability of differe’nce

schemes for time-dependent problems (see for instance t21) do not seem to apply to the’

problem considered here.

Sponsored by the United States Army under Coot e act No. I) G 2~~-7~~ C OO2T Tt i i ~ m at e-i j a l
is based upon work supported by the National Science Foundation under Grant No.
MCS7$—09525.
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- i  c t ii, i t  a t i d  L~t -u ’ ~ i,t ~~ :t  ot ~~tsul t~

We t i t  st d iscuss  t i t , ’  • s ’ : i t  i l i u t i e n  i t o i l o i n  and It S  solut c o l t , w e t it  V a ri o u s  , , , t i n L e t  , -5 ,

as t I t ’ S e ’it t o i i  en I l l .  The sontlnuum r e s u lt s  toe’ t i l e -  t h e  ma i i  t o eel s  tot the .-cp I Iox ima t e’

so lut  Lo l l , as w e ’ l l  a s.  t b ,  totin ot (he estimate s w h e5h must be z , ’ t l e s -t ed  in ( h e

St abx y t hoozem i 5 - i  i t s  var ious ~l i t t  s i  c u d  schemes, We’ t ( i o u  ~~i e’seflt seem e’ nota t i o n a l

~‘eseu V e ’n t tons (conce- n i i i  n t  d eti ~ u s i t e’ scheme, and uni f o r m  est j m~ t e s )  to which we w i l l

adhere throughout . F i n a l l y ,  we state th~ silt te ’ ue ’ nc e ’ schemes which form the ma in

subject  of t h e ~ paper , and o u t l i n e  ( h ’ i t  St a b il i t y  t r o i ’ ’i t i e~~.

The inverse scattering problem ot this paper is: given a real-valued t utce t l ore

F : (0 , 2T( -
~ It, find a real-valued V (0, TI -

~~ It and H It so that

F ( t )  — ( i t o , t ) ,  0 ‘- t ‘ .~T, for the solution U of the’ initial boundary—value

probl em

í a 2 
~ \—i — -

~~~ 
+ V (x)~’ (f i x , t )  — U (2.la)

\at ix I

(}~ 
+ (0 , t~ — 0 i:.lb)

U ( x , 0) 
~ (x) , ~~~~ (x , 0) 5 0 (.‘ . lc)

in the region t (x, t) i 0 ‘ x < T , 0 ~ t < :T}. We shal l refer to this problem as

the inverse problem.

This inverse problem can be considered a very simple instance of the inverse

scattering problem for a mechanical continuum supporting small-amplitude wave propaga-

tion. Roughly speaking, you a i t ’  required to construct a vibrating one-dimensional

continuum having equations of motion of the form t2.la), boundary condition of the

• form (2.lb) , and having a prescribed response (back-scattered wave at x 0)

F(t) , t 0, to an impulsive (“broad band”) incident disturbance’ iinitial conditions

(2.lc)), for a prescribed duration 2T 0. The geometry of such a hyperbolic mixed

problem shows clearly that the boundary value F(t) — U ( 0 , t) for 0 t

depends on t he ’ coefficient V(x) only fo r  0 x ‘- T.

~ 
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~ i t o b l e m  is y) ’ls -a I t e e vat b u s  respect a s et  a large number of t l ets — .t s’~ - oees i s - e i u

,t e t , t  t t:es ’ I l ; , l s ’~~s ’i i ,t , ’ eu t  IeO. ’t’t  Sc’ r’ . l t  t e’l ttes J I’rOblcms

le a !  Louse set h e t  pi  s’t t ema wh 5 t e  may Is.— t teat c-~t t -y  the t e’chnie~un’ s. ,l,.se~ z i l ’.- ,t t ’~ l , s .  a t .

d t r t c u*s c ’ 51 l i  l e ft y  tel t h e ’ Cozes - l u *t oui  (,e,’t tort 1I~~. r i t e  I t i . ’ C f l s . i e ’ , a t  1r~~~ t e el ( i i .  lim It

T • ‘~~, this pr~bl.m has a ls’ns) and ci lust rious h e  story, be I e~( a t eme’- ,i s’i’s ’Ie~iC ’Ie t

‘.‘c ’t stesre s t  t he 0ev,’ i S e  5pts5’t i- al  ~‘r o te l em  tot  ~ t iU’Ut— t -i5 ’iiv I Its’ opt ’ I a t  ~‘I S ~~~e 1  ~‘s’,t l’s

I , M - eel ‘ fared arid B. N. 1ev i t a r e  in t tie i t  seminal p-alde r (3) . The c~ utetc ’ct lore l’s’! wecie

the h a l t  — axis vet s c o u t  ot t he inve rse problem f 5 ~ i i i  a, 1’ , 5’)  SOst the e~e 1 
• f a u C e t - -  t s ’t~ i t Sle

inverse spectral p i o t ’lem  is explained en (1), se’~ ’ t~~’i 3 ,

It was shown in I l l  that solution ~f the trevcerse problem t a  e q u iv a l e u e t  to solu-

tion of a hyp t s r t ’se ttc boundary valu, problem U...~) below). The Russian msthamsti5’iar.

Chudov seems to bave been the titst to suggest the possible use of this boundary

- 
. value problem as a means for solving inverse problems (see (.11, ties I er e ct  i,,’iei  ,

shal l  therefore cal l  th is  probl em the Chudov problem. As we shal l  exp lain elsewhe re ,

the ~ppr-oach t o  Inverse problems through the Chudov problem is  c l o s e ly related t o  the

recent work of D .ift and Trubowiti ( S )  on the 1-dimensional Sctirt’~itri5~et inver se

scattering problem , and to the work of ftochstadt , Hald , and Levit an ~~t’ ) ,  ( ‘ 1 ,  181) ole

inverse Sturre-Liouvil l e  problems .

The Chudov problem is as follows . Let CT 
- {lx , t) r i i ’  w~,i n (t , .~T - t)).

Fi nd W r C
T 
“P such that

- -~~--~ + V(x)~ W (x, tI — 0
/

W ( 0 , t) — F(t)

+ *tw ) ~o, t) — 0 ~‘r t

H — F(0)

V ( x ) — — 2 ~~~
- W(x, x) 0 s 5 ‘. T t . ~. .~5’ t

— 3—

_ _  

_ _
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Nets , as in the treve t a. problem , t he tat  tee of the ~‘to tdl ~~~ 5 I CC t tm, t t ore

F e ( i l , IT) • P N~’t, th a t I i .  .~) is ruenli tear • t’v vi I-tue s’t ho s s ’ii ) It .tg of so l i d  l o t

ansi coef f ic ien t  Ir e ~~~~~~

In Out b ’t e t ’t s ’U s~~ t k  I l l ,  est i ma tes  at-. geve n t oe ear l e c h er ~.ec t ’~e1 , t’ flOists of W

V in terms of atM t a t  ee~e enea  of t’ , aced a n umbe r ‘ ii w t  I Ic th. peo~’ee y that , t o t

any • • i- ( i t , T ) ,

‘I’ • T ‘1’ 
- 

‘F

f ~~ • J d~ f sit •(s) • t t )  ( 1
; ( Ft *  + t I  • P’(~ s — t~~t ) ‘ f ~I

l

0 0 0 * 0

The results of I t )  at-. p-ht -ased in ter ms ~ f the spates w~~ 
1 

~~ t ures ’t t o r ts  w i t h

it ab solutely in tegrahle  der ivat ives .  Anothe r som.wh~ t unusual Sobol.v Space,

denoted by in (1). inte rvene. a. an auxiliary device. Th is space is . roughly

speaking , the subep&ce of W~’~’
1 P1) in which each funct ion has a welt-defIned

restriction to  .ach line en P ’~, ly i n g  in ~
m 1 

~~~~ feenct torts on th. lcne , and t he

restrictions vary continuously with the s’h~~ is’~~ ~ f l ine,  t’ recLa . 5 t . f l r c t t  lore, are ts ’tee ~si

lit II). section 2 ,

The following result Is proved t o  s.ct iotes ~~ , C of ti lt

Theorem I. Problem t.~a ,b ,5’) ha. a solution N ire the spa,’. W’’t lt ’
T

) t t  te n si scr e t y

it F sa t i s f i e s

(i) F e N”’1 *10 , 2TI)

( i t )  there exist , 0 *ss that i .’. l) Is sat isf ied ts ’t al t • L ( 1 0 ,  Til .

If these ar, satisfied , then V W3
~~
1 

I (0. TI) and i s  giv.n L’y t .’ , i s’i

It  is convenient ts c parap hrase condition (ii) of the theorep as follows. Define

the .yms.tric kernel

0(5, *1 (F~s * t t  + Ff 1 . — t i’ )

It 1’ satisfI es (I) • the kernel ~; is continuous , hence defines a bound est self-

adjoint Hilbert—Ss ’hmlelt operator e; on 1.’ ( i c , TI • Denote by I the isient Its’

.4-
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- ‘5- — - —~:s -5”~ ~ec’ ,~~ , - - 
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sq .- u  , r l  i s i t  L ( ( 0 , TI). N e c ’ i t  ( i i )  - a c t  f e ’  c i t , e t  e l

i • ‘ O  ( i i ’ )

The tee - I  ho st  s t  so lu tion  of the C I C I t S I S ’V t ot 1cm ~~~ ‘i based s e l l  t h e  tot  low i c e

ie~ u1t

A I 5e11 -t i s s u l  W e W— 
~~~~~~~ 

to ’ it’s’s the Chudov ~‘t s ’L ’  1cm 12) i t  and only if

01. , t )  — W(s, t )  + I dy W(y, 5) W (y, t )  for (s, t )  
~T ‘

0

Remark I) Wts shall ret.’e t o  (2 ,4 )  as the 0-i equation , or (GL ) . It al t-e ars fitse t

l i t  I ho paper of Gel ‘fared and Levitate 13 1  , aced also expIs ’sst’s tIe ,’ ~roup law ot

l - r - o1-a ta t  ion of i n i t i a l  values ts ’i - the mixed problem (la,b)

2)  for Is , t )  t C
T~ 

we have 0 < s t. If we associate to the kerne l W 
- -

( w h i c h  i i  at least  con t inuous )  the Vol te r ra  operator

T
w ,~(y) — f dt W(y, t) 4(t)

I tee n you can write the GL equation tn the form

I + G — (1 4 W)~~( I  + w)

w h i c h  s-le ’aily illustrates t he  necessity of hypothesis  (ii ’) of Theorem 1.

The GL equation a l lows  t he  derivation of a number of estimates f o x  v in terms

of F iu ~ various norms other than the soteolev (m , 1) -norms of the (sharp) stability

s t a t emen t .  For our purposes the fol lowing C
0 —estimates w i l l  be su f f i c i en t .

li rlI (1 + ~ 1 T li Fli ) (.‘ . Sa)
‘ 5 ’ —  ‘5’ 

-~~

liD t’~I < t oFu ,, ext- (T ii~~i ,,) (.~.f’l’)

(vii 2 ii DFII • ii ~* (it wli + 2T II 1~~ ~ t ) (2. ’~’)

At this point, it should be mentioned that  the estimate (2.5) is not really a

stability result , si nce the problem ( 2 . 2 )  is nonlinear. However it is very easy to

C 
_ _ _ _ _ _
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e-tove genuine stability i e - , ~u J t t ’  i t f e s i t  is. local L e 1 , , 5 l l t . ’ - -  — t x~t- ,e t ,  - for I t o  tt~-

F e V 5 H) on t h e ’ Pate i s  ~f tu~,t,-d ec,’ss xo, .olt ,e like (2.5). For both the continuils and

approxit~ te problems. t hs’ts ’totc- , we will refrain from stal-xli ty Ctatt’nw’nts (whtch a c e

necessary, C s -i instance , I c - dc- cxv ,- exp licit error bounds) and present only boundedness

results  l ik e  1 2.5 ) .

This concludes our discuss ion of the’ (continuous) inverse problem . W ’ now turn

to approximate methods of solution , and begin by est ablishing no ta t ion  and ~t’rnueeo1ouy

fo r  the d x f f t ’ r e ’n c e ’ schemes we shall use.

The approximate algorithms of th is  paper are difference schemes for computing

certain grid functions. The grids are uniform and rectangular , and the g r a n u l a t i t y

will be denoted by ,\. W~ will use the same letters for the discrete apprceximants as

i-o r t~~ t~ c,c, continuOus counterparts; thus, F In) is meant I -c  approximate F (n ~e ) ,

W (ne , en) ~‘s- 5 e i~ - st s ’ns) s to  W( ne~, -c,’) • etc. The nuntee r of (linear) gridpoints will be N.

We will have cts ’eJ of the sup norms

t i n t  — sup m m ) )  ‘l<n’Nor

H %4t — sup WIn, en))
1< n , m< N

-e

and occasionally the norms

n 1/p
H PII — I A )F(u)~~ ) 1 < p  <

n l

The basic difference operators defined on grid functions are given by

Fin) — A 1(F(n + 1) — F(n))

0 F(n) — ,l~~iF(n) — FIn — 1) )

The partial difference operators on 2-dimensional grid functions will be denoted by

subscripts, for instance:

D~ W (n, m) — A ’
~~(W(n + 1, en) — W(n, m))

-6-
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ice d so on. We will alt. s nee , e~t I f tc  s l l~~J~~le5l s1etiV4tiV5 5

0 W ( n. tel — \~~l (W (n + 1 . c c + 1) W ( ~ e , i t ) )

I) W ( n ,  i t )  - n) - W(n - 1, n - 1))

Our aim s Is ’ } i ‘stus s’ Ute t i tnates t , -e tar b u s  d e t t  ,- t e ’ c cce ’ ,scteenec~~, t ’a5 ’,~ ’st s i n  such -jx i s I s

wtex , -Ct at-c uniform in ,~ 45 A • 0 , that is , with ‘I’ — N.\ tjxed.

The first set -C e~tim~tes pertain to solut eons of an ,et -pn ’x imat e CL equat Cole -

We 5UI (’OS(’ th a t  F : ( c , ,  21 ’ ) * ~~ i s a L e i - s c t e  i t  ~ function • and Set

Fin) — F(nA )

G (n, at) (FIn + m) + r o n  — en)))

If we approximate t f e e  integral in (CL) by r igh t - e n d p o i n t  Riemann sums , we obtain the

discrete Volterra estu4tiOn

n
G i n ,  at) — WIn , m) + A WOk . n) WOk , m)

k—l

ts~r 1 “ it ‘~ at. We s’acx require (harmle.sly)

G (n , it)  — 2 W ( n .  i t )  + 2i W(k, n)2

n— l
(2. 7)

• n ’m

I n Section 4 , we obtain the following results:

1) The system ( 2 .t ’  - 2.7) can be written

~‘ I + G — A (~~ I + W ) (~~I + W )

where I is the N ‘s N identity matrix , and thus represents the Cholesky decoi~j~e s i te7 ’in

of the matrix 1 + C. A solution therefore exists if and only if the L.H.S. is

positive—detinite , with lower bound e ‘ 0.

2) Unde r suitable conditions, which we shall not discuss here, the solution W 5~t

(2.6) — (2. 7) converges in sup norm to the solution of (2.4).

I

-~ 7~ y -~ � i s ; -  - - ‘ . 1  - _~~
_

t _ - t ~~~~~~~-~~~~~~~~~~~

~

- ., ,., . - - - - ~~~_,,__-,
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J) The solution e, ~~ (1.6) — t.~~7) is  estimated by (lx’(. -sition 4.1)

LI~~I ~ Fu( + iUI (2.x’)

Furt~ ,’e , } t - t ’ C stt’sI .~ is small enough in relation to I~’~ • one can also bound the

t - ax t i 4 L  d i f t e i r ’ n s s’~~ of W by entire f un c t x o n ~ of Il nt4i and norms of differences s t

F, whi,-i ate linear in F near F — 0 (Propositions 4.2 , 4.3).

h I  i S  e v i d e nt  t x-once (2.8) that uniform estimates as the grid is refined (A •

will only be achieved i t  the ls-’w’r bound - (A) eventually atabilises. Our

results therefore ap p ly  when the discrete approximations to the backscattored wave

have becit chosen so as to guarantee such a uniform lower bound. We wil l not discUss

methods for extracting such discrete grid functions france experimental data in this

paj~~ i , although this very interesting matter should certainly be considered further. - 
-

Various e lementary  est imates and identities , used to prove the above-mentioned

es t i mates and for various other purposes , are collected in Section 3 for easy

reference .

The identit ies and estimates of section 3 are used in section 5 to compute a

difference scheme satisfied by the solution W of (2.6) - (2.7). The result is

(equation (5.14)):

oo; D~~ - D ~~o1
) w . v w . A R  (2 .9a )

V(n) — (0 + + D ) W ( n ,  n) ( 2 . °t~)
n 2 1

W(0, m) + HW (0, en) — AB Ort , A)

W(0, at) - Fiat) J (..9c)

Here P (2-dimensional) and B (1-dimensional) are grid functions whose sup norms

are bounded An terms of N FII , itD~ Fit , II D~ 0 FIt , T, A, and e.

This result is useless for computation purposes, since the R.H.S. of (2.9a) .

(2.9c) depend explicitly on W in a coerplicated way. Csi the other hand , (2.9) is

clearly related to the following difference approximation to ( 2 .  2 ) :

— It— 

------i  
- - -
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(0; - 0 D 1
) W

0 
+ V -

~~~ — 0 (2.lOn )

V In) — — (V + + D ) W  (it , it) (2.lob)
I) it 2 1 0

nn) * F (m)

+ 
(2.l0c)

V W
0
(0, m) + H W

0
(0 , at) — 0

The main result of this paper is the following estimate , proved in section 7;

relating the  solutions of the systems (2.9) and ( 2 . 1 0 ) :

Ii W - W i i ~~~ A C
0 —  1 -~~

(2.11)
ti v - V 0~ < A C 2 I

Here C1, C2 
are entire functions of flPl , Fit , i io ~ V Fit • T, ~~~~

, and A. (In

fact , C
1
, C

2 
are e~tponential polynomials ; and can be written out explicitly ,

although we do not do so here) .

The estimateS (2.8) and (2.11) combine to yield boundedness statements like

(2.5) for the solution of (2.10). An interesting difference is that the resulting

estimates on ilv0iI involve, in the limit A ‘+ 0. the modulus of Lipschitz continuity

of the derivative OF , whereas the sup norm estimate for V in the continuum problem

(2.Sc) only requires that OF be continuous.

The system (2.10) is still inefficient for computation; as it has local trunca-

tion error (on the boundaries) of first order. P second-order-consistent approxima-

tion to (2) is, for instance ,

- . (D; D;
_ D

~~D1
)W + V W _ 0  (2.12a)

en) — F (nn)

(2 . 12b)

en) — (~~ V(0)A
2 

— HA)W(0, en) + 4 (W(0, in + i~ + w~o, ~n — 1))

VOn) — (D~
’ 
+ D )W(n, i t )  (2.12c) 

~~~~~~~~~~~~~~~ —~~~ 
_
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A bonus of our method is that the stability of the 1st order accurate system (2 10)

implies the stability of t(n’ 2nd-order—accurate system (2.12). Indeed , the two d i f f e r

by terms which are 0(A), which may be shifted to the R.H.S. Our arguments are

exactly designed to extend the estimates for (2.10) to similar estimates for (2.12).

Well-known arguments then guarantee that the discrete coefficient V , constructed

by solving (2 .12)  on a machine , differs from the exact solutiot’e of (2.2), evaluated

at the corresponding grid points, by an error proportional to A 2. The constant of

proportionality can even be estimated in terms of sup norms of differences of F, T,

and the round-off characteristics of particular machines, though we shall not

do this here.

Instead , we give the results of some numerical experiments based on the second-

order scheme (2.12). These are displayed in section 7. We end with a discussion , in

section 8, of related problems which may be solved by the same methods, as well as the

relation of our results to previous work on inverse scattering problems.
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( (ei i i e t i t  i c y  ldCnt ci cc’s send I - s t  e t c i . -t t ,- s

Wc’ lee -t e nt w e l ~ ,efl5 ’ s t 15.4 1 Ci lOt du o, et ,’ Vn1t~~t I ~e e’ 40.it t e — tt e’ ( e si ’t , t t e , ’ , t  I t -p

\‘e - ( t  e’e i . e  •‘.;u.i t e -ee -~ I’y t c ’p l . i e I t t ej  e e l  ‘‘ n c .ila wi t It , eglet — ‘-i,.i- - j e ’ ( n c t  I t t e ’ t e e t e e t e  m i m e S)  .

e n ’  entirely element  .an y . but wee kn ow e e l  cc,’ refen-enc’e which m l  at  es eSSot t y  t he PSI

mates  we ceced, c c ’  we -j i ve c e e n t i ’  I ‘I e’ p roo fs. We end w i t h  a icumtee t ,s( u n c r e f u l  Intel I i  .‘‘.

from t he. ~- .e lou I cm ot finite di ftc ’ n ,‘n e - ,’s -

Lemina (1 . 1) Suppose that , t~’t 1 n N

c c- I
g One ) — • (ne ) 4 A W(n, k)~ (k)

k—I

Then

11 +11 1l g11 , enqe (NA 11th )

it- 1
Pt n e e f .  Define TO ( it)  — ‘i On) — A W ( n ,  k) 9c (it) lot any -c i  Id  I elct , -t t e c h  I 

~
- I c e )

1 ‘ n < N ) .  Then we seek a fixed )‘otne( of T. The ~~int is , ot c occi  me’ , that * he

fixed point exists and is -c loL’~ I ly sceynq-t ,e( t,~~ I ly ml a t e l  ce • P’on- Inst Stie C , set

(I

p41 
— ‘~

‘

and u — +  - ,p t - p— I

Then cc — T xc , where
~‘4 l 0 p

n-i
1’~ 9(n) * — A W ( n .  k ) 9’ ( k )

xt— I

Cl~~imt

(nA )I~~) ) P
u(n ) ———- -—- -- --j -——

~
——- —— II cc(I,~, p — I , 2, ‘

The claim certainly holds f e e t  
~
‘ — ~~. that It holds up to p - I. ‘then

Iu~(u) — — A W(n, k)xe 1
(k )

k—I

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



n-i
A li thi ~ lu 

~~~~k—l

n—i (kA It wil ) P i
< A (t wit 

~ — 
~~~ 

u g h ,,,
k=l

— 

- 
i~~ -l )~ 

(A hI thI _ )~ k~i 
k~~

1 hI~~

(p ~~~ 
(A hI t’ht0,)~ f dk k~~~ l ig ht ,,

(nA ll wi t ,,)~
p! lI ght ,,

as claimed.

It follows that u converges. Of course u —- line • — • is a fixed
p—0 p—0 

p p

point of T, which is clearly unique, and the estimates on u add up to the

estimates of the Lemma. q.e.d.

Corollary 3.2. suppose that for each it ; 1 < n < N , we have 1 + A W(n, it) > 0,

axed set o = sup 1 (1 + A WOn , n))1
1. Then the equation

1<n<N

it

gI n )  = 0(n) + ~ A W( n , k) 4e (k) ( 3 . 1 )
k— i

has a unique solution which satisfies

II $hI ,, < p lI ght exp (pNti ht wil ,,,)

Proof. The equation (3.1) can be rewritten

I’-
n-i

g(n)  — (1 + A W(n, nfl~~(n) + A W On, k)4e (k)
k—i

Set d~,(n) = 0]. + A WIn, n))4’(n), WOn, k) (1 + A W (n, i t ))  ~‘W ( n ,  k ) .

Then eji satisfies

—12—
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ne—I 
-

~;(n) — ejc( n )  e ) A W(n, k)eje(k)
k —i

tee flOtI jc , e t  ,Iiee~ I,, the previous lenncna

11 (41 < 1 q11 exp (NA II w i t )

which immedi~~te 1y imp lee8  the ,is;ert el estimate .

q.t’.d.

LemSa Suppose ( U ( n , in) : 1 it m < N )  s at i s f i t ’m  
- - -

ne— l n—i 
. 

-~

COn, en) — U(n , in) + ~ A w
1
(k , n)U(k, en) + A I J(k , n )W

2
(k , m)

n—i k—l

Then

- II til ( dl  exp (NA max (Ii w111 , II w2hl ) I

Proof.  Exactly parallel to the proof of Lemma 1.

q . e . d .

We conclude with a number of “summation by parts” formulas which will be used in

section 5. The proofs are all trivial , so we omit them.

1. D+ D 0 D +

n-i n—l 
—

2. ~ A(D
t 
f(k))g(k) — — A f(k)D g(k) + f(n)g(n — 1) — f ( l ) g ( O )

k—l k—l

n-i 
- 

n-i
3. ~ AU ) f(n))g(k) — — ~ A f(k) (D~ 

g ( k ) )  + f ( n  — 1)g(n) — f(O)g(l)
k—i k—i

4. 0 f ( k )  — D~
’ f ( k  — 1) , V f ( k  + 1) — V t f ( k )

it-]. n-i
5. ~ A ( D  D~

’ f ( k ) ) g ( k )  — A f(k) (0 D~ cj (k))
k—i k— l

+ D f(n)g(n) — f(n)D g(n) — V f ( 1) q ( i )  + 1 ( 1)0  g(1)

-13- 
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H
n— i

b . Set F I n )  — ~ A f(k , it)
k—I 

-

Then
n-i

6s. D F(n) — A 0
2 

f(k , i t )  + f(n — 1, n - 1)
‘I k—i

6b. V~ F(n) — A D f(k , i t )  + f(n, it + 1)

n-i
6c. D~ 0 FIn) — A ~; 02 

f ( k , i t )  + 0 f ( n , n) + f(n, n)
k-i n

:1

--— - - 
~~~~~~~~~~~~~~ W~~~
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S4. Estimates tot ~ i t c c t e c a k y  Decompositions

l e t  (V ( tc ~ • it • 0 , 
-

. ‘ , N )  i-~ sic (N + 1) — ~~e O t  on , ~nd dci c u e  te e syssnete-ic

a e t a ’1 C by

‘-~~ ne , in) — hF’ ue + in)  • F l i n t  — m i l l

Suypose that tl~ ’ matrix { ~~ i + uJ 
~ 

i s poSIt kve- ,le’ fit ei t~~, w h i t e  1 cm lien N N

ide n t i t y  mat r ix .  Then 1 + C admits  a Cho1e~ ky c*x’oompo c c e t e c ’ n e

(
~ 1 + C) — A (~~ I + W

t
) I + W) &4.l)

where W is  a t r iangular  ar ray , W( n,  at) — 0 i t  it in. I n c  t i e c s  m~~c t i c ’ic we obtai n

estimates for W and its partial differences t i e  terms of F and it s  dift ’ ee-oneees , aced

the lower bound for I 4 e~~.

Thu fo rmula (4 .1 )  cani lee r ew i i t t e n

G( n, en) — W ( n ,  in) + A W O k , n ) W ( k , in)  ( 4 .2 1
k—i

for in -‘ i t.  Thi~c suggests the introduction of the Hu bert subspaces H
~ 

H

N) def i ned by

~~ ~~~~~~~~ — O  n~~~m

Let Ii H -
~ 

H
~ 

be the orthogonal projections. Then (4,21 can be wr i t t en

II C — II A (i~ + W t ) f l  W (4 .3 )
t a m  en A m m

(here G (n) — GIn, en), W On) — W O n ,  en) )

From (4.3) you obtain

In ~ u — w , n ~~ (! + W )f l  ~! w~)fl W ~‘ ( 4 . 4 )
en in , en in A en A en is

where 0 , ) is the inner product associated with th e’ norm II H ,.

• We claim that the operator in the I t .H .S.  of (4 .4)  ii inver t ibie .  In t a c t  , e t  is

of the form K K~ , where

— 15—

~~~~~~~~~~~~~~~ —f-- _-_l- ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ - - --~ r-x - 
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K —  (-~-- + W ) f l
m A  in

is an c’~t’rator on H .  Notice that the triangularity of W implies that

if w i f  — W E
tIc tIc Sc

Thus

K
t K — A 11 (~~ + W

t
)ll ~ + W) l1

iii A m m  A en - -
-

— A 1T~ (~~
- + wt ) (~~ + W )I 1

— f l
~

Since + C is bounded below on H by > 0, it is a fortiori bounded below by

t when sandwiched between projections on H .  It follows that

II K ~Il 
2 2 ‘

for all * ~ H .  Then K must also be invertible, hence K is invertible.

t +
Since both K K and K K are invertible on H , they have the same spectrum ,

en

which necessarily lies above ~~ . Thus

OW , if A (~ + W)fl  (~~ + W
t )fl W 1

en in A m A  m m

- (if W ,  (if A (~ + W) fl (~ + W
k

) l fl W )  (4 .5)

- - > ~~ ‘ (l ii w H 2
— m e n

2

If it < in , then W — II W and
it i n n

OW , W )  - 

n-i 
A W(k , n ) W ( k ,  m)

(4.6)
— On w , fl W ) . ( T t  W , 1) , W >

at it at en it it ax ax

-16-
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e ln the otiwi ( e . t i e d

HR c~ 1 < it tiV (4 7)
~‘ ~~ 2 

--

by -~- ce t- t e e xee- t  ( 4 . 4 )  , (4 .  ~e )  , (4 .  t - )  , and (4.7) and using  the Cau chy—S chw ar t  z ineequ al  i t  y

oeee obtains f i n a l l y  that t ot  it in

OW , w ) ,~~~~~ H t1I~ 04.8)n in -

aned so from (4.2) that f , -t n < m

I W ( n , m) < }GOn , in) + hi Fil (4 , ’i)

To es t imate  th e  diagonal elements W( n , i t)  , wri te from ( 4 . 1 )  1 ‘~~

n-i
CUe , it) — 2W(n, i t)  + A W(n , n) + A W O k , n) 2

k—U

Thus

WIn , n) - + ~ /1 + (GIn, i t )  - 
~ 

A W (k, n) ) A -

k—U

tnt orde r to maintain the positivity of the diagonal elements of ~
- I + W , as is

required of the Cholesky decomposition , we must choose the + sign in front of the

radical .  Since

n) — ~~~A~~J (k  it) 2 ltc — ii  < t C ( n ,  ) — A N (k , n ) 1  .\

Mother application of (4.8) shows that ( 4 . 9 )  is valid also f o r  it in. So c ’ntt ’ has

proved

~~ si~~~o~ 4.1. The Cholesky factor W satisfies

— O wit ,, Q rtl + ~
— l Ih Ftl ’~ < lt Fth ,, (1 + 

—l 
~ A l i n t )

The next step is to estimate the partial di f ferences  of W . We s tart  w i t h

W( n,  en) — ( W ( n ,  m + i) - W ( n , en) I , it < at

-17-
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COn , en) — ~~~~(F(n + en + 1) + F ( I n — in - 11 ) — Flit + en) - F o i n  — m l ))

— ~ (D~ F U e  + in) + D~ F (in  - m i l l

— D W In , in) + 
k—i 

A W O k , n) D W ( k ,  ml (4.10)

A similar expression holds for 02 W

Proposition 4 .2 .  Suppose p > 1 and

p — l

II ~1I + ~~~~ H~1l~

Then

H o ~ wit ,, ~ phl D~ ~~ exp (p Ntc It Wl ,~)

Proof. Apply Corollary 3.2 to 14.10) .

q.e.d.

Proposition 4.3. Suppose p , A are as in Proposition 4.2. Then:

(a) lI D~ wit + III x (1 + pWA U lil,, exp (pNA lI WI ))

(b) J o  W( n , n) I II t’lI 2 + ( ( 0 * Fil (~ + pNA II WI exp (pNA II WI))

(c) II D~ D~ WI < 2 II WI max (II D± WI , 110* WI , II I) W I )
u v  — 1 2 it

- + hID ’~ 0 III (1 + p Ntc II ~4I exp (pNte II WI 1 1

Proof. According to formula (6) of section 3, for n ~ at

D~ GI n , in) — ~ (D~ F(n + in) - D F (Jn - n n J ) )

— W (n, at) + W (n + 1, it + l)W (n + 1, ml + A (D W(k , n))W (k , m)

Hence

I D~ W ( n ,  en) II D± 
~11 + i i ~ 

2 
+ Pitt II WI II D WI

—— —~~~~~~~ — 

-18— 
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whtch, together with  Propositions 4. 1 and 4 .2 , gives (a)
+
. Similar computations

give the other estimates.

-19-

I-
—55- -- - 

I 5 -
~~ 

-- 
- - - ~~~~~~~~~~~~~~~~~ 0- - ~~~~~~~~~ ~~~i~~~4 —~~S - 

~~~~~~- - - - - ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~ ‘‘~~ 5-~~~~~~ 5- 5.— ~~~~~~~~~~ ---- -~~~~~ ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ — --~~~~ -.. 4 -



- _

S5. P a r t i a l  D i f f e r e n c e  Equat ion fo r  Choleak y Decomposition

As ice the previous section , W will denote the lower triangular solution to

it

COn , in) — WIts, it )  + WOn , en) + ~ A W (k, n ) W ( k , it) (5.1)
k—i

where

COn , m) — (F(n + en) + F ( l n  — m l )) (5.2)

For n < en , the first suxnmared on the R . H . S .  of (5.1) can be dropped , thus:

G(n, en) — W (n , in) + Z A W(k, n)W (k, en) , it < en (5.3)

k—i

For the remainder of the paper, we use the symbo l 0 to abbreviate the usual 
- 

-
~~~~

five-point approximation to the wave operator :

o E D ; D ; - D ~~
D
~

An easy calculation shows that

0 GIn, in) 1 0

Therefore, applying 0 to both sides of (5 .3)  and using formul a 6 (from section 3)

gives

0 — W(n, en) + A 0 (W(n , n)W(n, iii) )

n-l n-l
+ A W(k, n)(D D; W(k, in)) — A (D~ D~ W(k , n ) ) W ( k , en) (5.4)

k—i k—i 
2 2 -

~~~

I
- D ( W ( n , n)W(n, m)) - (0; W(n, n))W(n, en)

Now

D
n
(W (fl

~ 
n)W(n , in)) (0 WOn, n))W(n, an) + W In - 1, it - 1) (D

i 
WO n, e n ) )

So (5 .4)  can be rewritten as -

-20-
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c — i  I c — i

- W in, en) + 2 W (k , i t)  (Lt~ IC . WO k , ac)) — 2 cI ~ , i~~ t~ 1k , i t ) )  W (k, en)

k — i  - - k~- 1 - -

— ~IC W t i e , i t)  t 0; ~ ~ce . n )  1W On , en) — -A ~ OW On , n ) W  ( i t ,  ml) + WOn — 1, it — 1) D~ Win , in) - 
-

Also formula 5 of C e - I  C o l e  t i np l i e s

cc— 1 n—i
. \( 12 W (k , n))W(k, en) — A W ( k , i t )  (D~ l)

~ 
WOk , e n ) )  + (D~ Win , n})W(n, in)

k—i k—i
(5.b)

— WIn , ne)D 1 
WOn , m) — (D

~ 
W ( l , n))W(l, in) + W (l , n ) D~ W (l, an)

We shall examine tiec last two sununands in the above nex,r closely.  For it — i ~- nfl ,

(5.1) reads

Cli , in) — (FIn + 1) + FIn — 1)) — (1 + A W ( i , l ) ) W ( l ,  at) (5.7)

and tot n — in — I
—
~ (F(2) 1- FOt t)) — w ( i ,  1) + A W (i, 1)’

It  fol lows tha t

W (1 , 1) — v (c t ) + (.\ ) — H + O
~ 

(.\ )

where the bound x in the 0
1 

statement can be estimated in terms of II FiI , U DtiO ,,.

On the other hand.

( F I n + 1) + F(in - 1)) — F(en) + ~~ D rOse)

Combine these facts to obtain

W (l, en) — (1 — Htt)F(m) + 0 2 (A )

where the bound in C’ , can be estimated in terms of II FII , 11 0111 , 00+ 0 Fit . I t

follows ( recal l ing that  WIt ’ ,  in) — FOm )) that

0 w1 O1 , en) — —H F I n )  + O
i

(.\ ) ( 5 .8)

and f i na l l y  that

Ic 
f 

-21-
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ID W il , n))WOI , in) - W (i, n)D
1 
W(l, in) — —H F(n) (l — Hti )FOm )

+ H F(en) (1 — l i2 )F(n)  + 0
1
(A) I —A R 1

(n , in , A)

where , for  A s u f f i c i e n t l y  snai l ,  M R
~
H can t-e estimated in terms of HFt~~,

H DPI , and H D  D ~1I ,,.

Now rewrite (5.6) as

~~~ 

AI D
1 
D WOk , n))W(k , en) - A W (k, n) (D

1 
D~ W(k , in ) )

(5 . -fl

— ID 1 
WOn , it))W (n , en) — —W(n , n ) 0

1 
WOn , en) + A R

1
(it , en , A)

Add th is  identity to ( 5 . 5 )  to obtain

n-i n-i -c
‘ W ( n , en) + A W(k , n)~’ WOk , in) - ~ A (<’ WOk , n))W(k, en)

k—i k—i
05.10)

+ V (n)W (n, en) — A ROn , en, A)

yIn) - -(0 + D; + D
1
)W(n , it)

ROn , en, A) — --~-(W (n , n)W (n , en)] - D WOn , n)D W(rn , en) + R
1
(n, m , A) (5.11 )

According to the results of section 4 , (WI may be estimated , for small A , in

terms of HPI , II DPII , HD~ 0 nIl .

Notice that we can replace the factor ~ W(k, en) in the first sum on the L.H.S.

of (5.10) by 0 W(k, en) + V ( k ) W ( k , en), provided we also replace 0 W(k, it) in the

second suite by 0 W(k , n) + V(k)W (k, it).

Define

U(it, in) — ‘> W( n , in) + V(n)W(n , in) , 1 < it < in

Then U obeys the discrete Volterra equation

n-i n-i
U (n, en) + Ic WOk , n)U(k , tn) — A U(k, n ) W ( k , en) — A RUe, in , Ic) (5.12)

k—i k—i

According to Lemma 3.3, the solution enjoys the same sort of bounds as the

- 5  . —- — -  - -~~~~~~~
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inhoinogeneous term . In i~~rt i~~uidr , we get U Al’, so that

0 W( n , m) + V(n)W(n , an) — A P(n, m , A) (5.13)

where II PII is bounded, uniformly for small A , in terms of 11 111,,, H DFII , IID~ D III ,

and OWl , hence (according to the results of section 4) in terms of lu ll , (DElI ,,,,
+ -  -i

00 0 III , and c .

For future reference , we collect 15.13), (5.11), and (5.8) in the form of a

boundary-value problem for W:

0 w + vw — A p (5.i4a)

V(it) = -ID + D~ + D
1
)W(n, n) (5.14b)

W(O , in) — F Ine)

+ (5.14c)
W (O , in) + H WOO, in) — A BOrn , Ic)

where in the last iine of (5. 14c) , the vector aI m , Ic) , M > 0, defined implicitly in

the foregoing, is bounded uniformly for small Ii in terms of II FII , II DFiI , and

HD~ o II I .

—2 3—
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§6. Estimates for Chudov Schemes

The purpose of the present section is to compare the solution W of the Cholesky

equation 15.1), (alternatively, of the boundary-value problem (5.14)), to the solution

of the first order Chudov Schema (equations (2.10) of section 2), which we display

here for convenience:

0w
0
+v

0
w
0 — o  (6.la)

v
0
(n) = -(D + ~; + D~ ) W

0
(n, it) (6.lb)

en) — F(tn)

D
4 
w
0

(0, en) + H W0
(0, in) — 0 (6.lc)

H = F(O )

The following notational convention is convenient: for any gridfunction

A(n , en) defined for it < e n, set

D A ( n , it) 5 -(0 + 0+ + D )A (n , it)
xi 2 1

Then (6.la), O6.lb) together become

0 W
0
In , en) + W0 (n, m)~ W

0
(n , n) — 0 (6.2)

Similarly (5.14a), (5.14b) become

0 W(n , ml + W(n, m)~ WIn, n) — Ic P In , en , A) (6.3)

Subtracting 16.2) from (6.3) we obtain for the difference W — W -

0 Win , in) + V(n)~~(n, n) + W(n, in)b ~~(rt , n) — W(n , m)~ W( n ,  n) — A P(n, en, A) (6.4)

W also satisfies the boundary equations

W( 0 , en) 5 0

+ - — (6. 5)
WIO , en) + H W (0 , en) Ic B lat , I c )

We shall show that both W and its first differences are 0(A) as A -
~ 0, in the

domain ACT { (it , ml : 0 < it < mm (en , 2N - in))

where N = T/Ic.
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The representation 06.6) clearly l ’ld~ f- - c it 1, Assume C leat it holds for

W ( k , at) , en ~ and k < n. Write- the d c f f e r o e e e e equat ion in the form

WOn, en) — Won — 1, in + 1) WIt — 1, en — 1) — W i n  — 2 , m)

+ ‘t ’ V (n — 1)W(n — 1, m) + A
2 WOn — 1, m)D W (n — 1, it — I )

— W (n — 1, m)Ô WOn - 1 , n — 1) — A
3 
P(n , en)

Not e that (C(n  — 1, in + 1) u C(n — 1, in - 1)) \ COn — 2, m) COn , in) \ ((it , m)}.

Also,

n-2 n-i - -

~ WII, n + en — 2j  - 1) — ~ W ( O , it + in -

i 0  i—i ‘ :~-

n— 2 n—i
-# 

~ W ( l ,  it + in — 2j  — 3) - ~ W ( O , it + in - .~j — 2 )
1 0  j”i

(1’ . 7)
n—3 n-3

— ~ ~ (l ,  it - u - r n —  2j — 3 )  + ~ W ( O , it + en - 2j  — 2 )
i—I

it it
— ~ W(l, n + en — 2j — 1) — ~ W ( O , it 4 1 1 0  2j )

- : j—0 j 1

Obtain from (6.4), (6.7) and the induction hypothesis

- 
it 

- 
n 

-
W ( n ,  in) — ~ W( l , n + en — 2 — 1) — ~ W( 0 , n + m — 2j )

j_0 1~~

+ A
3 Q(k, j )  + ~2 V ( n  — l)W (n - 1 , en)

C In ,m) \( (it ,m)

+ Ic2 
W (n — i , m~~ ~~n — 1, n — i~ — it

2 
WIn — 1, nith WOn - 1 , it - 1) — A

3 
P(n, en)

The representation formula therefore holds for ( i t ,  In) if you set

Q(n , at) — — P ( n ,  at) + A 
1{V( n — l)~~(n — 1, in) +

II’ .8)
WIn - 1, in)D WOn - 1, it — 1) — W (n — 1, m)tt W(n — 1, it — I))

-(C

- 
-
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Denote by c~ (n -c) — sup IQ(k , ml I . The next st~ 1’ is to c - c t  c mate Q In) i n  c e - i  i c c
k <n
m,Z

of Q(n — 1) ,  
~~~ 

ii 1. . • . ‘ 5.

The main ingredient is the estimation of D W. Recall that D — 13 + D~ 4 D~~.

O W ( k , k) — A 1( W ( k , k) - W ( k  — 1, Ic - 1)) — A
1
(W (l, 2k — 1)

- W(O , 2k - 2) + A 3 ( Q (k  - j ,  Ic + i) 4 Q( k  - j - 1, K + j ) ) )

So 1D W ik , Il l < A C
1 

+ 2k A
2 
~ Ik) I6.9a)

Similarly

I (D + D ) W ( k , K) < A C
1 

+ 2k Ic2 Q ( k )  (6.9b)

These estimates, when combined with (6.8) and the hypotheses, yield the required

estimate of Q(n).

The remainder of the proof is a finite induction argument .

Claims: Supposo

t — nit < mixi ((8cc 3 + it K C
0

) ) ~~~, - 1) + 2 
(K -_l) c

0]
1’2 c

i)

Then

U) IQon , en )l < Q  I 21C5 + 2 C
1 
C
3 
+ ~ (C

0 
C
4 

+ 2 A C
0 
C
1

) ]

( i i )  WIn, ml I < A r C
0

(iii) ~~ 
in) — W (n — 1, en — 1) 1  < ~. C1

For it — 1, (i) holds since Q(l, ‘I — 0 ; (ii) and ( i i i )  are just the hypotheses of

the Lemma . Suppose (i) , ( i i ) ,  ( i i i )  hold for it < n - 1. Then from (6.8), (6.9) you

obtain

QOn ’ m)< C5 + A ~~{C4 A K C
0

+ 2  C
3 

A C1+ 4  C
3 

A
2
(~~- J )Q + A  K C

0
(2 A C

1 
+ 4 (~ - 1)A 2 

~~~

< C
5 

+ K C0 C4 + 2 C
1 
C
3 
+ 4 C

3 
It ic Q + A e. C

0
(2 C

1 
+ 4 n i t  ~)
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I — C
5 

+ 2 C
1 
C
3 

+ KOC
Q 
C
4 

+ 2 Ic C
0 
C
1
) + 4 ~ Ic(C~ + A K C

0
)~

- 
The hypothesis of the claim is that i — < O8(C

3 
+ A K C

0
) ) 1 anong other things.

F ~ Together with the definition (i) Of Q, thi: implies that the above is

~~~~Q + ~~~Q - Q

which establishes Ii).

The second part of the hypothesis on t , namely

- ((C)2 1K _ l)C
0)

1”2 
-

means exactly that

- 
- 

- 
0 <~~~

2 
~~~ ~ - (~ - l)C

0 
(6.10)

On the other hand , the representation (6.6), estimated according to ii) and the

hypotheses of the Lemm a , gives

- 

- 
n—l

IW( n, en) — ~ (W( 1 , it + en — 2j — 1) — WOO, n + en — 2j  — 2 ) }

+ ~ (0, m - it) + ~ A::(k , i) I  ~ A
2 
C
1 

+ A C
0 

+ ~~
2 

A
3
~~ A(C + T C

1
+t

2 
~)

- C(n,m)

- - which is

< A K C
Q

- if and only if (6.10) holds. Finally, using (6.6) as before , you show that

WOn , en) - W ( ~~ — 1, en — 1)1 < Ic
2 
C1 

+ 2 A3 ~ A
2 
C
1

(l + 2 A ~~ ~~—)

< it2 C Il + 2 ( K  — 1) ‘ ~~~
-) — Ic

2 
K C .

— 1 2Q. C
1 

1

The claim is thus proven , and with it the Lemma , if you take

-28-
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A — .\ e~ , - 
~ 

. C .  C’ - •

• l I t  4
I 

- I ic
1 f c~~\ 

t~ — 1 iC , 
I 2

— c c e c e c  
~~~~ 

- 
.-~~ ~~ 

1 — — 
-

i-\’i I e i~, -~I -. 1 a~td C’ — C’, , ‘c c ’ - u n i  le e c c l  V t c c ’ e c e e c l , ’ ,I .a c. .i v I n ‘ccc ~ , — i  a ’ - - ’ • 0,

sal c s i  c e c c  t lee’ n ,s~c e t  i , - c i ce ’ ce l  cc o f I Ice’ t einina. 

~~~~~~ 
.1 -

l~,-i c c . ce  I-. - l i e , ’ .a t ’ot’e Cz~ -e c i i  - .iI c , ‘ce ‘1 ‘c a t  lows oce” C c ’  ~te -t  ,- i  cctect, ’ act c ’~~I ccc ea I - Ic - ~c , - I

‘ > 0 , s -  an to m ake A -cs la n ce as ~‘c ’cecc t i l e  l e e  q t  ve in  C’ — C . -

Itecalt C leat N — ‘c T. 
-

— 
t c ’~ ‘1 1 ie~ e- . .‘ • Same lci’tcczctheses ace In t,sctana C ’ - I , :

Thc’ re e x t c ~~ cc -, ‘ c c c  t ha t , t ’ n  ‘c suff h - e , ’n e l  I’c nata l 0

see)’ jW (it , mit) I .‘c .~ 
- 

C’
C’ ie’N

ccc, ~i~- 
‘

act -i

n*tL) ’ WIn , in) — W Ilt — I, in — ii I — .\ ‘ 
e’ 

C’

e’ mc’ -N
ccc. ~~

I~e~ce e f .  The hypotheses  aced ‘occo l union sf the’ 1einnt~ a l e  ceo des I etite’ et that C l  can 1”

al -i -i ~~~ ~~~~~ at  ~~~~~ t 
~

- t.~ ~h~w estimates of t-h~ fell ewe tel feim

w (it , an) A 
~~~~ 

fe er 0 ~~.‘c A
1 

— cc (C , C’~ , C ,, C • C
4
, 

•
, ,

~ (n ,  rn) ~~Ic C
0 

for A
1 ~~nc.\ A

0 
+ A ,. 1

2
_ S ( ~ e’~ , C

~
, C~~ C 0, C4

. C, , ~) ‘ ‘

~~
(n , rn)~ ,‘c e’1 for -c

~ 
+ . . ‘ S

)~~ 
‘ nc,’c 

~~~ 

. • + A
1 

w i t h

- j — i  I—I —

— c~ (u C 0 , ~.. n
~~
, c ’

2
, C 1 , 

t_
4~ ~,

,

-
~

-~~--rr ur wi ~~- _ • -  ~~~~~~~~~~~~~~~~~~~~~ -~~ ~~~~~~~~~~ —_-~
-

~~~~~~~ 
— 

—~ ~~~~~~~~ — ~~~~ —
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Set

— 2 C
5 

+ 2 C
1 
C
3 

+ C
0
(C
4 

+ 2 C1
)

— 6o~~’ 
C
0
, C

1
, C

2
, C

3
, C

4
, C

5
)

min
I’_________ 

(K - l)C
1 

[(C)

2 

+ 
21cc 

= 
l ) C
0]

1”2 

-

L8(C3 
+ C

0
) \Qo Q

0 Q
0j

and define o — T/eS
0
. Suppose that A is so small that A K -c 1. Then for

1 < j < a certainly
- 

- 
8IC

3 
+ A K 3 C

0
) < 8IC

3 
+ C

0
)

Also - -

IQ (K , uc~ C
0
, K 3 C

1
, C

2
, C

3
, C

4
, C

5
)=2 C

5
+ 2  K 3 C

1 
C
3

+ (cc 3 C
0 
C
4
+2 A K

2 
C
0 
C~ )

<2 C
5 

+ 2 K C
1 
C
3 
+K j+1 

C
0

(C
4 

+ 2 C
1
) < ~~ (2 C

5 
+ 2 C

1 
C
3 

+ K C
0

(C
4 

+ 2 C
1

) )  — 

~~~ ~o

Hence , if

2 1/2
r f C \ ( u c - 1 ) C ”I C

+ 2 — _ 01
L\Q01 Q

o J
that is

2
0 < T T + i C

1 
— (K — l ) C

0

then

2 1 Q0 :1 :10 < T  K T C
1 

- ( K — i )  C
0

-

~~

- + T K C1 — — 1) C
0

hence 

~ 
K C 

2 ~ - 1) C 1/2 
~~< ~~~~~~~~~~~~~~ 

+ 2 - 
0 

-

-30-
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R e fe r r in g  to the definition (6.11) of A , you see that , 6 . > 6
C’ 

1, . . . , 0 .

So ~e’u are ror lcccc 6 . by 5
0 

in the estimates at the beginning of the proof to get

W (n , en) < A cc 3 C
0

for (j  - 1)6
~ 

< nit 
~ ~ ~~~

‘ j = 1, . , . , 0. For j = a, this gives the estimate

we want  for  W . The second estimate now follows in exactly the same way .

q.e.d.

Theorem 6,3. Suppose W satisfies (6.4), (6.5). Then for On , en) € C~~, arbitrary

~ > 1, and It sufficiently small,

W I n , en) I < A K  C
0

ID W (nc , m ) I  < A cc~ C
1

where C
0
, C1 are entire functions of ~— l , It , T , li Ff i , 110 ± p11 , IID ’~ o~ ~1I and a > 0

is the minimum envelope of entire functions of these arguments.

Proof. First observe that the difference scheme (6.4) restricts to C~. Also, all

of the constructions used in the proofs of Lemma 6.1 and Corollary 6.2 restrict

- 

- 

to C~~.

Now (6.5) can be written

— 2en) = It B(m, It)

It follows that the hypotheses of Lemma 6.1 are satisfied , with C1 estimated by the

bound for B mentioned at the end of section 5, C
0 

= A C
1
, C5 estimated by the

bound for P given in section 5, and C
3 

and C
4 

estimated by the bounds for W ,

V given in section 4. Note that

D W(n, it)  — -ID + D; + D
1
)W(n, i t)

-Ic
’
~~ ( Win , it) — W ( n  — 1, it - 1) + W ( n ,  it + 1) - WIn , it)

+ W I n , n) - W In  - 1, n))

— —It
’d {W(n , it) - Win — 1, n — 1) + Win, it + 1) — W ( n - 1, it ) )

—31—
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~cc~t 1-el ii of ~ tic- dii ter&-ceC ’e s in this t-xl-rossioTt are estimated by Corollary e. 2 which

Ic- .icls to c u t -  sec~-ci~t inequality in the statement. Note that the c1e~fjn1tjOn el

in the isroof ~-i Corollary 6.2 shows that o is as described.

a..- .d.

~~~~1lar 6.4. For c ii,- solution W0
, V

0 
of (6.1) and the solution W, V of (5.14) ,

we have: for any ,- ~e 0, there is A0 
0 so that for 0 ~ A < A

0
,

II w011 (1 + p )  II Nf l

II v0ll < (1 + c ) l t  VII

We now turn to the second-order consistent scheme mentioned in section 2 , which

we re)-m-oduce- here:

e~ W~ + V1 N1 
— 0 (6.12a)

in) — F(m)

1 -, 1 (6.12b)
en) — (~ ‘ V~O)A  — H )W

1
(0, at) + ~-(W 1(O , en + 1) + 04

i
(0, m — 1))

V~n) — -ID~ + D ) W 1(n , it)

(6.12c)
H — F ( 0 )

As it stands , this scheme is incomplete: the value ~ I0) is not determined

from the data. In orde r to preserve second—order consistency we add the following

one-sided difference approximation to V
1
(O), obtained from the CL equation and the

boundary condition I2.2c):

V~0) • 2 H
2 

— 2 A 1
(2 F(1) — 

~~‘ F( 2) - F ( 0 ) )  (6 .12d)

~~~~~~~~~~ Theorem 6.5. For any p 0, there exists A
1 

> 0 so that for 0 ‘- A < it
1
, the

solution W 1 of (6 .12a — dl satisfies

11w 111 - (1 + p)ll Nfl

— 
lIv 1II < (1 -4- tc) 1l VII

— 3 2 —
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I- too!. The i k i  is to compare and ~e 
- -  

t c i  t c i ~ sars way W ac i -. .s~

- are di

D ’ W cc i , n )  — — ( D
r 

+ D ) W  itt , n) , ~c — 0, 1
fl fl V

Then 16.1) can be r e w r i t t e n  —

0 W
0

(n , en) + W
0
In , mI D ’ W 0

(it , n )  — ,~ P 1
(n , in , ‘. )

- ut . 1 3 d

On , m) ‘ 

-

~~ (0 , in) — F ( m )  - .~~ -

0 -~ - -
en) = (~ V(0)it — HA)W

0
(0, en) + (1 - ~ V (C).~

2)W0
(0, ml (6.1 3i~)

- -

H e r e

at , A ) = It
1
(D’ W

0
(n , i t)  - D W

0
(n , nflW

0
(n , ml

= it 1 (D~ W0
(n , i t)  - D W

0
(n , it) - D

1 
W
0(n , n))W0

(n , en) - 

-

-

— ~\
1
OD~ W 0 In , it + 1) — D

1 
W
0
(n , n))W0(it, en)

— It 1(It D~ D~ W
0
(n , n + 1) + D

1 
W
0
(n, it + 1) — D W

0
(n , n))W~~(n, U t )

= (D~ D1 
W
0
In , it + 1) + D D

1 
W
0
(n , n))W

0
(n, en)

Accordirg to Proposition 4 . 3 ( c ) , P
1 

can be estimated by an entire function of

T, It , and norms of F and its first arid second d if f c r e - n c-oc- .

For the difference W’ — N
0 

- we obtain

c
~ W’(n, en) + V

0
(n)W’ (n, en) + W

0
(n , m)D’ W’ On , ci)

— N ’ (it , cn)D’ N’ (n, i t)  = It P 1
(n , ccc , \ )  (e- . 14, 1 0

(n , m) ,~ C~

-~~ ‘5-— - - -~~~~~ -.,- , - -~~ - — -
~
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, - -
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I
I

W ’ 1 l , m) a o
-‘ 

(b.14b)

-~~
‘ ci , no) l .‘ B

1 
( cci , .‘i)

I ce’t, .

1 + — 1— B
~ 

( in , .~~) • - 0 D F In e ) - ~~
- V ( i 1 ) F ( ~m )

From t h i s  point , t ( i c  i roc’f f o l l o w s  ox_ cct Ly t h e  l i’oofS ct  Lt’micta 6.1, c d - r d c l l a r y  1 . 2 ,

Theorem c i , and Corollary 6.4 , and we ic-ave the ilt~tJ1iS to t he  reader.  We c e o t , - in -

l a ss i f l O  that  est imates at - i-ear f o r  W ’ and 0’ w’ ace,dio-h-us t - - those of Thceorc -r-c 1’ . 3

/
1

for W and DW. 
/ .

dl, C.  0 .

Remark. It seems likel ’c- that  s imi l a r  results d~ 5U 1di be obtained for h i -jhc - r — ei de-r

consis tent  scheme s for  the Chudov problem. 
- -
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1~~,
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‘ c i  i - I  los  of e wi  c: t i c s - c i t  S l i V e  l~’~-d a FORTRAN c - c e r a i n , ci, ’t , e t l e d  t~e low , w h i c h

i - ~ - l - : c e c i t s  I he secoci l—ec chc -r c:hce 1c -e-~~-~- bic ’rc- c ’- .  1_ ’) - tn l s t  1 c i s, s V 15 t o  1e ’

co:- -. , - d cu L c ~
e , 11 , 1 . o - T — 1 . The set cc -s di t t e l  l i t  t cc - ic ede ’ ~s t 1,-it a -c ,- ci .  - r e t  lo l l

Iii the lrst c - i  l o s , the I Ivotsc - (-Lolcic-nI for FIt) - F O c o i i c ; t  . )  is SOlVe d by way

o~ i t - . l.~) . The . - t O N l i c e a t s ’ (-o tential \‘(n) — V (c i _ \ ) is _ - c -m) - _ e r c ’d s c  th t 0,- cX ,t ~~t

otocci 1,11 VF(n) • ~‘E (n\), which i s  known in ‘ld C IO d a n a l y t i c  f e i c : - :

H — r I O )
-) 07 .1)

VE I x )  5- 
-.

I iV’

-~- tc the iceaximunt (sup norm) , - i-r or

SU(’ V ( T c  — 1) — \‘F-In — 1) J
1 — c c - -N

acid the ,eve’:a - s IL
1 — )  error

i
N
~ VOn - 1) — V E (n —

it— i

ct t C cli s( I ac’e cd .

The last three experiments in 5.-ties 1 SiC’ meant to illustrate the de’pcceclccecc

01 the sli e r  Oil the lower bound , which for these examples is equal to

1 H = 1 F. As F -1, the exact potential given by (7.1) cie- ct u l y  adnoits ito

ucci f -r~ Lipschit, bound in terms of norms of F alone (in f a c t  , t he’ analogous

— 
~-X ~ 1 -551-11 i - I  W shows that the bound 12 , Se) is sharp) . This l,’ee’k of lipsohei t :

i i i  fo r c i c  t v es r e f l e - c t e i  in t h e  b~’h vi,our of the computatiocc , as I - r e - c i t  ~‘ted by the

the- cry . Fat- ii — ~~~~~~~~~ the computer produces garbage for N 11. PVe ’ci for

• l c ~i , l~~i -  errors crc - relatively large , although almost all of the error is

—35-.
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t I l e d  at  I l  “d,:s ci cc -: c - f  i he- i : .  ‘ co o : cc, - ~ c I — an :

I t -  0 1 : ,  I I : ,  - c v )  -

I ’ :, second d l  - x i s  r i n c o n t s  cs  ac,e d - cc c urs i - i l  l~ - - : ‘ : c t  - c .  F : - -c

-.- .uious V , H. I c e :  ~ cc , VE and H O l e -  selc~~t c d , lb s  v’Ludcv r o L l e d - :s soly d

ly c:  F ( a ye r s i - c  ‘ t i c  f or w a r d  cc cl t .  i- o : : p  ro t-Ic- c’) , t c : - -  : - r- rc-

iven l c - l ~~w is ~ xc-c ut~~i w i t h : various semi 0 . - I s  .f this :uccs- ccallv— - :scne: -c ed F as

1 II I  dO t • , I i i c  t o o  i c - s~~l t c c i - :  ~~ rcsxincate i is - c-c-c~~~a s -~ : with c t .  Aoac cc , :-:, ix :  : , U : .l cc- :

ave ra n’ errors ,erc do S( 1 t\

The m a  III diff cul to  icc tI:is se-co :d so roes was the data (F —) -c c c.- I t  c c .

I 1 0- l i C~~d , wc i ch was asked in effect to SO1V O -e d i s c o n t i n u e~ s initial V a ; -  ~~ 10 le~ fcc

a wave equation.  I~~- f i n a l l y  set t led on a staggert c h -  crc. ) ::ethcod l.’hd i~~O c.- -c .:t, - c F cc

222.2 :-oonts on the i-axiS, s-hoc) : are t h e - I sa~~~1ed t o  roduce t c -  input to: t ::s~

inverse program. Dc -s p i t e - the relatively fine cirid of t i c - f o r w a r d  corc~-ut at o o : . ,  em mc-

in F has an observable ef ~~~ct on the coccver-:eccccc of t I e -  icoversion scheme’ ill

several examples , in tO,- (N = 51) to i~ = 12 . 1 )  ste -

Except as c u st  noted, quadrat ic  co c v - r c ; e r c e  is observed in a l l  cx r0 It S.

It iS d i f f i c u l t  to assess the  error f io u r ~~s g iven in the taklcs below , s In - ,- I - .-

problem solved here is merely a model i-rot-ic’- w i th  no p h y s ic a l  Int cr ) - l-et at ion  w h a t -

soever attached. For the saccce reason , we have not l-ot i- .c re -d to  r 0 0 1 0 t  1 1:0

based on the theory. Both of these itsc cc’,S would be interest i::~: f o x ’ some of t h o

c-m o tion s mentioned at the end of the - next s- ci ion .

__________ hi
- ~~~~~~~~~~~~~ ~~~~~~lids - - ~5- c-
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Pr- - ; i ,er -e l~ci1,, lc’nt~ f l t A l i - i  (t - . 12 )

tie - jd t’~: I I ) , 1 — 1 , N

F( I)  , I — I , 2N - 1

2 .  H — F c l )

1• \‘cl ) - 2 1
5- 

- 2 F ( (  — F ( 3 )  - F l i ) )

4 .  For I — i  ,

W(l , I) • F (ll

I’ . t e ’t 1 2  , .I N — 2
- 

W (2, 1) ,\ v U)  - H)W (1, I) + (Wu, I + 1) + w o l .  1 1))

cs For 1 — 3  , N 5

6.1 W(I, 1) — W ( I  — 1, 1 + 1) -. w~ — 1 , I — 1) — W 1I — .1, I )

+ 3 (W ( I - 2 1 — 2)W(I - 1, I)) (1 + W(I - 1, 1 fl
1

6.2 VU - 1) - -,\
1 (W(I, I) - w ti — 2, 1 - 2 ) )

n.3 For 3 — 1 + 1  , M = I + l

c.3.l W (I , 3) — w(I - 1, J + 1) + W (i - 1, 3 - 1) - WOl - 2, 3)

+ 1’ VII — l)W(I — 1, 3)
I ~~~

-

MP.X ERROR • MAX IV(I) — V E ( I ) l
1(1, <N -I

N—i e

c~. AVE ERROR — (N — 1)~~ ~ jV (I) — V E ( I ) t  - ;

I—i ci
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- TABLE I ~~~~ I ’:~- - - 

‘~ 2 
1.’ -

- 

- 

-‘-e V ( x) = —c—- F I t )  I H
5- 

- 
- I 1\~ ~. -

- t iC 4~~~~ J L . .. c - s  - -
- 

- \ - - -.- -,, - e
- ‘_ _ - :  c -s-~ ‘s-s

c - ‘
~~

‘ ,c ~~~ i1~
• 5 DELTA ‘5-

~ 
MAX ERROR ‘ AVG. ERROR .

H = .1’ - 11 .1 
- .0 / .0

—c. —

1- 21— 
‘
~ .05 - .0 .0

Sc - _ . , •
51 ~~~ - ‘ .02 .~ .O “ - .0 -~~

- 
5.- 

- 5
5; - -

101 01 0 , 0

H = .5 11 .1 - - - - ~~ —3 .27 —3

21 .05 
- 

.1 —3 .7 —~~

5. .02 .2 —4 .1 —4 -~ --

101 .0]. -
5- 

‘11 —4 .1 —4 
- 

-

H — 2. 11 .1 .11 .93 —l

21 .05 .28 —1 .24 —1 - -

51 .02 .45 —2 .41 —2

101 .01 .12 —2 
- 

.10 —2

H = 5. 11 .1 .40 +1 .24 +1

21 .05 .11 +1 .86

51 .02 .17 .16

101 .01 .44 —l .41 —1

H = — .5 11 .1 .83 
- 

—2 .23 —2
2]. .05 .28 —2 .65 —3 I ~‘~ d I

51 .02 .46 —3 .11 —3

101 .01 .10 —3 .2 —4

H — — .~~~ 11 .1 .11 +2 .14 +1

21 .05 .73 +1 .58 - -

51 .02 .26 +1 .13

101 .01 .86 .38 —1 - 
- 

. 5 I

H = — .99 11 .1 .54 +3 .55 +2

21 .05 .11 +4 .57 +2
5]. .02 .17 +4 .38 +2

101 .01 .16 +4 .20 +2 .

= .01: errors < 1 for 0 < x < .9; errors < .1 for 0 < x < .68. Also V(1) 2 -x 1O4. —

-38-
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TABLE I I

A. V (X) U H — 2

N A MAX . hRROR AVG. ERRON

ii .1 .1 .97 —l
~5 )  .0 .30 1 .18 -l
‘ci .02 .53 —2 . 10

l I l t  .01 .18 5- 2 .57 — 1  
-

B. VIX ) 0 IC — — 2

11 .1 • 5) — 1 .35 —1 - 
- -

21 .05 .24 — 1 .11 —I
sI .02 .33 —2 .29 —2

101 .111 .15 —2 .14 —2

C. V (X) — I — x H • 0

11 .1 .25 -2  .17 -2
21 .05 .61 —3 .41 —3 - -

51 .02 .10 — 3  ~~~ —4 - — -
-

101 .01 . 30 —4 .1 —4

D. V ( X )  — X l i  - 
X) H — 0

11 .1 .42 -2 .36 -2
21 .05 .11 — 2 ~~~~~ — C

51 .02 .,~- - C .~~9 - .1 
—

101 .01 .l~ -3  .90 —4

E.  V ( X )  — cOS(2X) CI — 0

11 .1 .64 -.2 .37 —2
21 .05 .17 —2 .93 — 3
01 .02 .27 —3 .15 —

~~

Ic c ! .01 .7 — 4 .5 -4

F. V ( X )  — 5 C0S( 10X) H — 0

11 .1 .77 .48
71 .11’s .2 1 .13

k 51 .02 .34 —l .21 — 1
- 

1 01 .01 .85 —2 .53 — 2

5 - ’ ! -
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O l l . s ’se tcc  1 us Is -cc

-
- W. l e a v e ’ s t i l l  t , , ct j : o c c c -.—c t h i s - c s - l e t  c - ic  e s f  sin  c s - - c e l l  S t - -  w- -c ~~ of - - t h e c o i l  t o - i s ,

ace~1 t ic. - i c - i  at  cv , - . - t f  i c c  , ‘c es I’ 01 - c c c l c c - I  l eo - I  f l y e  c e - c  I i c -  c c c  I 1, -c: c -cc ;, ,

- t ic,- t i t - c t  ( ‘ e s i  cci i- ,-ars s ’c e t ic ,  o,’ e’ceel _ w e -  i-a - -c c c c  e,- c t h i  i t

- o~ i i t - l e c c - u i t  -c k s s 1 e e c t c ~ t e ’  the 1 [ccc - c’cf s-O i l-c i - s - - c c e cc i sv Gel ‘f a ce d  . i t t e i  I c \ i  I , c ; ~ c c-c I .

- 
l iaV. - e i i s s-ussc -d t he . - ic - t a t  c , s c l  of j - c  , ‘ v c e s e c , c  5’s~~i ~ in C ( c i s c  l I ce - to ccci i s - - c u )  1 : -  cc I c

- ce ’c et  c n u u m  I c I V O l  Sc ’ ( - i e s l s t , s c t c  c c c  ( 1 , .-iei , l ~e’ e’ ei~~~f~~’i l i c e  ( i c c - i  ~t c  c c c c c c c ; i , -c :  e s t  ( ice c -a c  c , - c i - c

- - ap~sroac hea t e l  t i c s ’  s e n t  I c t c c t c c l c  C - c  , c l - i , -c t c t~ - i c u st  t c , ’ c  ( - l a - - c — . W, - c e c - I - t i c  ~!c ‘c, e i - . - c c ~~- e ;

c- t ~s .4 ’ ( ’ t e ’ x i  cl eat , - nc, ’t he el!; -

I f e l l  i -c i t  one or two of the ,aect is’t wi-ct cce - c on e c c c - , - c  s.’ r c e s i c i . ’ m s  ccc  1 1 -  ~ ( - c  C ci e f

- Gel ’ fand and Levitan i-as,- t i c , s i i  work - c cc  c c - i t  ace  a I c c e p a l  Oct  c’s:ra l s ’ p e a l  c - c c . T h c t  cc i c-c

- i t  i l t esi the  G e l’  fand—Lev i t an  in tegra l  es(lcat iou cc i  I i c e - )‘Iai-,’li, ’cek- ’ i cu t .— u i  a t  e - ;ec,1 I c , - c t  -

[ dt ’I’oitet  1 eu Isle whe the r the i c c ~- i el,’cet waves a c ,  incident  ,it the  e si ce l l cc si at c c c l  d c c l

I t  ii, - 1 al t ci Is always the case foi- tie. - w i c o l c s_  I lice’ c cev ,’c ccc ’ s catt  c -i  i c cs c i-coi l c -n t ) . Al s s ,

the inverse problems are usually formulated in tO ,- frequency eieCm5 i n :  t h a t  i s ,  t ic - -

- .1 ss-at ter ic eei datum is either the c;p ’e ’t t a t fccce -t ion (s-ic i5 - ie i s  the l’e~c c i  c c c  I c an c-b c cc ccl’

- - our F (t) : see (13 , section 3) , the ( f r e qu e ~cce -y _ ,t c -~ s , s uccO s c c t )  phase sie i ft - i l i c e

- ( frequency—dependent )  scatterinq ma t r ix  or c- c-f l oo t  u~’ct s’e sc ’f f  1~~lOcc(

Among t tie authors whose work ccii Iii (Si c’ x I cc Si ( , ’ Sc s I le t. i c ’dc cc t - - C t O e - i  - cc, - - c , 1  ‘IS c c c  1 11

- into t ice framework jus t  described are Case 3 9 3 ,  s’as,- and K- i c I ,0 1 - e ’a c c .’ accd situ cc (11 1 ,

Ware and Aki ( 12 3 ,  Bel-ryman ( 1 3 ) ,  and Green and le c’i i yccc.l ct ( 1 4 ) .

P. Gopil la ud (15 1 has give n a s l igh t ly  d i f f e r e n t  CacIsi fast cc I h te ’t i t  cc c: fo t  I c

normal incidence elastic waves inver se ~-i c sl sle s ccc l e t  layered media.  K i t , -  ac t d  A1 u ) .3 ,

Greene and Berryman ( 133 ,  and Berryma n ( 143 doy e ’ls sp t icis iclc ’ dl f u t c t he i  and sicos th at

0 the Gopilla ud and discrete Gel’ fan d— Le v ita n . -Mac - 5 ’ieo ccko i(~~ i s ’ac tc c-s at-s ,‘~~c c c y a  1, - m e t  , i~ c

- 

- 
various senses.

- 

— 4 0 —

~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - -
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Our work d i f f e r s  from all of the above msnt ioned work in marcy re - c;! c-ctc , the

following three of which we believe most important:

1) We base all of our results on the nonlinear Volterra equation (GL in section 2)

rather than the l inear  Gel ’fand- Levitan or Marchenko equations. Though these are , in

principle , equivalent, it seems difficult to extract the proper stability results from

the l inear equations .

2) Both the fc -rc ueu l a t io n  of our inverse - rc )h l em and it.s so lu t ion  arc  t ime —

ic~~~e ’ c id c ’ c i t  . It is clear from the r e s u l t  of I l l  t h a t  at  l c ’,ic - c t c-once- cl the ‘ fr i- c u t ful

i n s t a b i l i t y ’ a t t r i b u ted  by Wheeler [161 to the- Gc - I  ‘ fand— L ev it an  meticod enters by way

of the con d i t i o n a l l y  convergent Fourier in tegra ls  required to  pass betwoc-ci t h e ’ t ime—

domain and f r equency-domain  problems .

3) Most important for appl i ca t ion  and generalization is numeric al stability -

Some stability result is required to guarantee that each a l qo r i t h nc  w i l l  a c t u a l l y

e:ocuVer’ee as d • 0 to the solution of  t its’ contiauucn proble-ms. None of the  ais-vs ’

authors  seem to provide the necessary esticciates to con clc i d - c- coccve rgc-nc e. To -roc-ids-

such es t i mates is c-xactly ties: point of the present work.

The Cholesky decomposition estimates of section 4 should also provide estimates

for the solution of the discrete versions of the linear Gel’fand-Levitan integral

equation , hence imply convergence of tici ’ various a lgor i thms  so coccc-ctr ucctc-d, This c- crc ,

should t o  t rue , with proper attention to the behaviour of ti le ’ l oll c’cct ial it i n fini t y ,

for the discrete Marci-cenko equation approaches.

We conjecture that the Gopillaud algorithm is actually closely relatc-d toe our

Chudov scheme , hence should inherit the stability properties derived hi-ic.

The approaches to t h e- inverse (erobie ni bascd on the- various hid - -q rai equat ions

have costs proportional to i’~
4 or N

3
, ‘ics (~ eflciifl sl on jm~c1, ’nt,-ntat c e 5 c c  (N number ‘-I

linear gridpoints, as usual). The Gopillaud scheme (arid modification s — l1.~1 , 1 131,

and 1141) has cost proportional to N2. The Chudov schemes investigated here also

have cost proportional to N 2 , hen ce seem to be optimally cheat s amongst “exact ”

irt ve rsion methods.

—4 1—
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In ap p l i c a t i o n s  of j ove rse - p i e - i c )  ems, f c c r  instance in cxi i ora t iou yece( - i iyc l  c cs ,

phy sical c ice mis tr y ,  and u lt  ras e ,u cid tomography, va r ious  “ar -p rox imate -, ilcve’rs~Ofl me’ i bo lt .

arc - used. m dcccl t in - se  problems involvc- sore t h a n  one space dimension , and “ ex,,ct ”

Ge l ’  fa ccd—Lev it an—Naz -c ) cenk o method s; have ye ’t  to bc extended in any use fu l  way to h i o i i i e ’E-

dimensional problems. These ap l-roxim at e methods are basest on wel l -known approximate

solution methods for the relevant partial diffc-rential equations , for instance Born

series approximation (formal perturbation series) or JWKB methods (geometric opt ics).

The approximate solutions a -e  then inverted to obtain (one hopes) al-proximate solu-

tions to inverse scattering problems. One can also apply these methods , as detailed

for instance in [17), Chapter XVI , to the simple inverse problem of th is  t a p er .  One

obtai ns schemes with cost proportional to N2 (or, for the Born approximation ,

N log N if one employs the Fast Fourier Transform). Our Chudov algorithm therc’fo re

has more or less the same cost as these “approximate ” methods. Of course , the Chudov

algorithms also enjoy stability properties, as we have shown , which imply the

possibility of rigorous error estimation . No such possibility is available for the -

“approximate” methods , to our knowledge.

We describe in conclusion sonic other problems to which our methods apply. The

analytical details (results analogous to Theorems 1 and 2 ,  and estimates (2.5a, b, c))

have been worked out in [18] for an inverse problem for the acoustic wave operator

a 2 2
~~~~~~-~~~~- C  ( x ) — ~-

3t ax

and in (19] for some inverse problems for general hyperbolic systems in two variables

of first order , with constant sound speeds. Numerical results should also follow by

the techniques of this paper. In these problems , the incident waves are incident at

some finite point in the (one-dimensional) medium. Inverse scattering problems , in

which waves are incident at infinity , should also submit to rouqhly the same approach ,

although the technical details remain to be worked out. We point out that inverse

—42—
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c c s i l c ’JflS ic - c  t h e ’ 5. ,V s - c - s  u .11 cu t ‘c i ’  i c O  i i ’,’ ace 51p( cr o_ is ’hcs- sI t h r e e c n i i  i sle -s c i c t e c e t  —

L c es l e - - ‘ i i d e  i i i  — 5 ,’a t i , c i i t - - t cocos I ccrc c cj t ions w h i c h  convert i t  into the p otecct ia l  i-c -rt ur icat i o u

of t i e  i t  c - s i icc  t i c  c.s pd( ’ c’ r ( 3 1 2 1 ,  31 4 1)  . Nei the r  th is  possibi l i ty  nor t ics -

- 1  ‘ fad - Ls-v~ an—Me rch ec ik o li near i n t egra l  equation opisroacii  arc- ava i lab le  for  tO.-

, i s - ~~e c , i i  i i y j  c’thcslic first-order system wit ic more than one v ar i a l - i s ’ (unknown ) seunei

ci~ ’Ced . Ks-  cave  succeeded in solving some inverse problems for such systems by eombrn—

j ut - c  t c s  t c , o l c c e i li ie s of [18) and [191.

Finally we mention that the artifacts of oc-i r approach to inverse problems

(GL equation , Chudov boundary-value problem) are also available for higher-dimensional - - ‘~~ ,- -
: ~is-~

inverse problems. We have not yclc derived the necessary a priori es t imates  to proceed -s-- - :~
with such an extension of the theory, however. 

1-c
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